Abstract. We report R-matrix calculations of low-lying Rydberg states of the hydrohelium molecular ion HeH + corresponding to 1 and 3 symmetry. The calculations include states with principal quantum numbers 3 ≤ n ≤ 10. For n = 3 and n = 4 the present results are compared with those of Green et al. [1, 2] and Loreau et al. [3] .
Introduction
Many theoretical and experimental studies have been devoted to the hydrohelium ion, HeH + , both because of its role in the early universe [4] and the peculiar vibronic mechanism "without curve crossing" [5, 6] that induces its dissociative recombination (DR) upon collision with slow electrons. Numerous excited states of this ion have been computed from first principles in many studies. We mention here specifically two CI studies dealing with excited states of HeH + . Green, Michels and collaborators [1, 2, 7, 8] carried out extensive and well-documented calculations back in the 1970's in a valence-bond framework, in the perspective of interpreting helium ∼ proton collisions over a large range of energies and interatomic distances. Quite recently, Loreau et al. [3] applied the widely used MOLPRO package to the computation of several dozens of HeH + potential energy curves with the aim to provide adiabatic as well as diabatized potential curve representations.
The present work is concerned with the calculation of electronically bound low-lying and Rydberg states of HeH + based on our implementation of the variational R-matrix method for two-electron systems, the so-called "halfium" code [9, 10] . In general, R-matrix calculations of bound molecular electronic states have remained limited to a handful of species [11] . The UK R-matrix code was used in the 1990's by Sarpal et al. [12] to address the problem of low-lying and Rydberg states of neutral HeH. In that work 11 known states of HeH were reproduced with a mean deviation of 140 cm −1 , and many predictions of higher states were made. A few years later an effective one-electron variational R-matrix "ligand field" approach was used [13] to study the bound states of the related systems ArH and KrH, giving less accurate results for these many-electron systems, but which were comparable with EPJ Web of Conferences the then best available quantum-chemical computations (for ArH only). Our aim here is to test the use of the "halfium" code in a heteronuclear molecule, and to compare our results with existing CI potential energy curves [1] [2] [3] , while also making predictions of higher states that have not been studied so far. We choose the 1 and 3 states of HeH + for this purpose.
Theory
The "halfium model" combines the R-matrix theory with generalized multichannel quantum defect theory (GMQDT). It is set up in spheroïdal coordinates in view of an efficient description of twocenter systems. In the spirit of R-matrix theory, the configuration space is divided into two regions: (i) an internal or "reaction" zone, where the short-range interactions take place and a two-electron clamped-nuclei CI treatment is carried out with an appropriate variational basis set, and (ii) an external or "asymptotic" zone, where it is assumed that the outermost electron is moving in the field of the residual ion core and a one-electron picture is appropriate. The reaction volume is an ellipsoid with the nuclei placed in the focal positions and separated by the internuclear distance R.
For these assumptions to be valid, the reaction volume must be chosen large enough so that it contains the relevant target states. In our case these will be the two lowest states of HeH ++ , 1 s and 2 p , which shall serve as target states for the description of the motion of the outermost electron in the asymptotic zone. The boundary is defined by max( 1 , 2 ) = 0 where denotes the spheroïdal radial coordinate. In this work we parametrize 0 according to 0 = 1 + C/R with C = 12 a.u., and we have checked that with this choice the confined wavefunctions of the 1s and 2 p core states yield energies to within 10 −3 a.u. of those of the free ion core. ++ also emerges clearly, with almost no electronic probability density left on the proton for R = 5 a.u.
A key point of our approach is that we use a spheroïdal representation in both the internal and the external zone of the configuration space. Specifically, our implementation in terms of regular and irregular channel functions follows exactly the definitions and procedures described in Refs. [14, 15] for dipolar two-center systems. In the variational calculation in the inner zone the twoelectron wavefunction is expanded in terms of a variational basis consisting of antisymmetrized products of eigenfunctions of HeH ++ that take also account of the v symmetry [16, 17] . The only changes with respect to our previous applications to H 2 is that here we use nuclear charges Z 1 = 2 and Z 2 = 1 instead of Z 1 = Z 2 = 1, and we include simultaneously even as well as odd values in the variational basis.
The choice of Z 1 and Z 2 for the channel functions in the asymptotic zone requires somewhat more thought. In H 2 , the obvious choice is to take fractional charges Z 1 = Z 2 = 1/2 on each center (whence the denomination "halfium" [9] ), because we must have Z 1 + Z 2 = 1 and the molecule is symmetric. This way of accounting for the partial screening by the core electron has the advantage that it provides a realistic approximation to the quadrupole field outside the ion core, which therefore is directly taken into account in the asymptotic channel functions [18] . In HeH + we must have Z 1 + Z 2 = 2, but the distribution of the total charge on the two centers is a priori arbitrary and in fact, strictly speaking, irrelevant. Any converged calculation should yield the same result whatever choice has been made, although the -mixing channel interactions will be different and the convergence properties may not be the same. For instance we may distribute the total charge in such a way that at very large distance from the core the outermost electron sees a double point charge situated on the center of charge of the ion core. The advantage of this choice would be that the dipole component of the longe-range field vanishes [19] , and therefore dipolar channel couplings are minimized, and -hopefully -the convergence is faster. This choice is dependent on the internuclear distance R, but since HeH ++ quickly approaches the configuration He + + H + (cf. Fig. 1 ) the center of charge will be near the midpoint between the two nuclei, implying Z 1 = Z 2 = 1. Another possible choice is the following: if we are interested in spectroscopic applications of the computed reaction K or quantum defect matrices we should choose the center of mass as origin in order to achieve the separation of translation from the rotational motion. This means that at large distance the outermost electron experiences a double charge situated at the center of mass, which for 4 HeH + implies Z 1 = 8/5 and Z 2 = 2/5 elementary charges for all values of R. Yet another choice consists in taking Z 1 = 4/3 and Z 2 = 2/3, implying that the fractional charges are distributed on the two centers in the same way as on the bare nuclei. In the present work we have carried out two sets of calculations with two different choices, namely Z 1 = Z 2 = 1 and Z 1 = 4/3 and Z 2 = 2/3. This procedure allows us to check the convergence of the angular basis employed because 04004-p. 3 we know that we should obtain the same results with either choice. Apart from the differences just mentioned, the present application of the variational R-matrix procedure closely follows the descriptions given in Refs. [9, 10] . It is the matching of the solutions obtained inside and outside the reaction volume that yields the short-range reaction matrix K and quantum defect matrix , based on which bound states are determined with standard MQDT procedures.
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Application to 1,3 states of the HeH + ion
The basis sets used for the description of the wavefunction inside are basically similar as in the previous applications (see Refs. [9, 10] ) except that they are effectively twice as large here because there is no gerade/ungerade classification of states. In the asymptotic zone we include two core-ground state channels, (1s ) d and (1s ) f , and two core-excited channels, (2p ) d and (2p ) f . Note that we use here the notation n˜ for labeling the core wavefunctions and Rydberg channels, with the tilde on designating the spheroïdal orbital angular momentum, not to be confused with its spherical analog [14] . The variational basis included 300 to 400 "closed" functions (that vanish on the reaction boundary), depending on the R-value, with two "open-type" basis functions (whose derivative vanishes on the reaction boundary) added for each asymptotic channel. We have found that the present angular basis with the two choices of Z 1 and Z 2 gives results that agree to within less than 1 meV for the 3d states 04004-p.4 and to within less than 4 meV for the 4d for R ranging from 1 to 5 a.u. By contrast, in the case of thẽ f states with n = 3 and 4 the differences are also quite small for R = 1 and 2 a.u., but increase rapidly for higher R values indicating that the present angular basis is insufficient for these higher˜ states. We therefore report only the nd states in the present paper. Tables 1 and 2 contain our results obtained with the choice Z 1 = Z 2 = 1 and compare them with previous calculations [1] [2] [3] . We have chosen to list effective principal quantum numbers ν n rather than the absolute energies of the electronic potential energy curves U n (R) which we initially obtain. The former are related to the latter by the Rydberg equation
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where U n and U + are in a.u.. U + (R) is the potential energy curve of the HeH ++ ground state which is calculated essentially exactly because the HeH ++ one-electron problem is separable in the spheroïdal coordinate system which we use here. Z core = 2 denotes the total charge of the HeH ++ core. The use of ν n (R) instead of U n (R) makes it easier to recognize the regularity of Rydberg series as functions of the principal quantum number n and the internuclear distance R, and to assess the constancy of the quantum defects = n − ν. Further, penetrating series may be readily distinguished from non-penetrating ones as the latter are characterized by small quantum defects, |n − ν| 1. The electronic nd states of HeH + do of course not correspond to pured Rydberg states but they are labeled in Tables 1 and 2 states for n = 3 to 10, while Table 2 provides the corresponding information for 3 states. Note that the R-matrix approach allows us to follow up Rydberg series up to arbitrary high-n quantum numbers and into the continuum with no loss of accuracy in principle, but we defer the continuum calculations to a future publication. On the other hand, quantumchemical CI calculations are still limited essentially to n ≤ 5 at present, and the results from Refs. [1] [2] [3] included in the Tables indeed correspond to this range, whereas we provide a few higher roots. The two Tables contain the values from the earlier references, as well as the differences of our present ν values with respect to the older work. In addition, the mean values of the differences are given for the various sets of ν n values.
The comparisons that can thus be made for the 1 and 3 states are instructive and indeed somewhat surprising. It turns out that our results for the nd singlet series (Table 1 ) are in far better agreement with the early work of Green et al. [1, 2] than with the latest values of Loreau et al. [3] . These latter authors mention difficulties in the application of the MOLPRO package to states, however without making any detailed comparisons with the earlier work. We therefore focus our comparison with earlier work on Refs. [1, 2] for the two states 3d and 4d for R = 1 − 5 a.u.. For these states we find agreement to within about 50 cm −1 , which is somewhat better than that reached previously for H 2
states [10] , and comparable to the accuracy achieved for HeH in Ref. [12] . Note that our ν values -and hence total energies -are with few exceptions somewhat lower than those from Refs. [1, 2] . The 3d and 4d 1 potential curves are shown in Fig. 2 . Our values (dots) and those of Green et al. [1] (solid lines) for n = 3 are seen to lie significantly lower than the MOLPRO results [3] (dashed lines). number (and hence the energy) on the other hand is predicted to be small. Only values up to n = 5 have been included in the figure for clarity, but the data given in Table 1 show that the values for n up to 10 line up nicely with the lower values. The good agreement with the results of Ref. [1] and striking discrepancy with those of Ref. [3] is again apparent.
Discussion
The strong tendency of the quantum defects towards negative values is directly related to the fact that the doubly charged ion core dissociates into two charged fragments, as we now show. Indeed, in the situation considered here the HeH ++ core dissociates into two particles with Z d = 1 and the Rydberg electron will be bound to one of them with an asymptotic Rydberg energy −Z 
where ν d is the effective principal quantum number of the Rydberg electron in the fragmented system. This implies that
where in the problem at hand we have Z core = 2 and Z d = 1. Therefore, assuming that the 3d singlet and triplet states dissociate with ν d = 3, we find that ν(R → ∞) = 2ν d = 6 implying that the quantum defect formally converges towards the value −3. The R− dependence of the quantum defects seen in Fig.  3 represents just the beginning of this evolution which is a purely electrostatic effect not present in the Rydberg states of neutral molecules where Z d = Z core in Eq. (3). It is interesting to test the hypothesis made in Sect. 2 that the molecular core HeH ++ quickly approaches the configuration He ++ H + as R increases. In that event the two-electron system HeH + reduces to an effective one-electron system equivalent to H Eq. (1), where U n (R) is replaced by the exact H + 2 energy and U + (R) is replaced by the proton-proton repulsion +1/R a.u. The quantum defects obtained in this manner for 3d are plotted in Fig. 3 as blue circles. It may be seen that throughout the range R = 1 − 5 a.u. these values are indeed very close to the corresponding values obtained in our R-matrix calculations and in the calculations of Ref. [1] .
A measure for the deviation of HeH + from this purely electrostatic effective one-electron model is provided by the singlet-triplet splitting of the states which specifically depends on the exchange interaction between the two electrons. This splitting turns out to be very small as is shown by the data collected in Tables 1 and 2 . Figure 4 displays the quantity ν(singlet)-ν(triplet) ≡ − (singlet)+ (triplet) for the 3d state of HeH + as a function of R and compares it with the corresponding information extracted from Refs. [1, 2] . The two sets of data agree qualitatively and appear to corroborate the assumption that the singlet-triplet splitting should decrease and tend to zero as R increases. The splittings are predicted to be quite small -smaller than about 4 meV -and are certainly at the limit of what our R-matrix approach is capable of doing at this stage of development.
Conclusion
We have presented R-matrix calculations of low-lying Rydberg states of 1 and 3 symmetry in HeH + . The adaptation of the "halfium" code to heteronuclear molecules has been discussed. We have compared our results with available ab initio data for the same states. It turns out that we have been able to reach the same degree of accuracy as we obtained previously for excited states of H 2 to which we initially applied our code [9, 10] . The comparison with previously published computations on HeH + has revealed major discrepancies between Refs. [1, 2] and Ref. [3] . Our computations agree much better with the former than with the latter. In conclusion it appears that the development of novel conceptual and numerical tools for the calculation of electronically highly excited bound and continuous molecular states remains an important issue. The extension of the present work to higher energies, to larger R values, and to the 1 
